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ABSTRACT 
Two-line arrays of elements, each either a positive integer or zero, aligned 
on the left and strictly decreasing left to right, top to bottom, are enumerated 
by sizes of the largest element in each line and by extent, the number of elements 
in the first line. 
1. INTRODUCTION 
The two-line arrays considered here are those of an earlier paper [l] 
classified by a new variable, the extent, that is, the number of elements 
in the first line. More concretely, the arrays of extent r are 
n1ngl3 ..* 12, ) 
mlmem3 ..* my, (1.1) 
with 
Iii > i?li , ni > ni+1 >, 0, mi > miil 3 0, r 3 s. (1.2) 
Also, they may be described as two-rowed partitions with unequal parts 
and zero parts permitted on each row (and strict decrease on columns). 
Let pT(izl , ml) be the number of arrays (1.1) satisfying (1.2) with n, , m, 
and Y fixed. Let 
a+1 
and 
fh&) = C P&, 4 .f-l 
r=1 
n=l m=o 
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Then in the first place it is shown that, with of course n > m, 
A(%4 = (," I)&n+l.r-l - (" ; 1)&,7-Z, 
where 
(1.4) 
sn., = ( 1 :+ S%,-2 = (Z) + (," 2) + **a * 
Next 
z(l - x - xz)(l - 2xy - 2xyz) p(x, y, z) 
= x(1 - X)(1 + z)[l + z - (1 - x - xz) a(x, y, z)], (1.5) 
where a(~, y, z) is a refinement of the generating function a(x, y) 
(=a(~, y, 1)) for two element lattice permutations appear in [2]. More 
precisely, 
where 
ro - -al - Y) - YX4 4x, Y, .4 = 1 - Y4V, 4, 0 4 
ZyA(y, z) = 1 + y( 1 - z) - [ 1 - 2y(l + 2) + y2(1 - Z)2]l/z. 
Alternatively 
u - w  - Y> - XYZlP(Xs Y3 8 
= x(1 - x)(1 + z)(l - x - xz)-1 - (1 - x) p”(xy, z), 
with 
(1-V 
P*(Y> 4 = 2 Pn.n-l(z)Yn 
n-1 
= yz-‘( 1 + z)(l - 2y - 2yz)-1 [I + 2 - A(y, z)]. 
2. RECURRENCE FOR p&m) 
Take p,(n) as the number of one-line arrays of extent Y, with n, = IZ, 
that is arrays n = n, > n2 > *** > n, > 0. Then 
since, if 7~~ -=c n - I, the arrays are equal in number to those of extent 
r and n, = n - 1, while, if n2 = n - 1, the arrays are equal in number 
to those of extent r - 1 and nl = n - 1. Since PI(n) = 1, n = 0, l,..., 
it follows at once that 
An) = (, If 1)- (2.1) 
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Next it is clear that p&z, 0) = p,(n), n = 1,2,... since the second 
the single entry zero; so 
line has 
n+1 
Pm(Z) = c P,h 0) z-l = ~o(;)z~=(l+z)~, n= I,2 )... (2.2) 
7=1 
For m = 1, the second line may be either 1 or 1 0; if it is 1, the number of 
arrays of extent Y on the first line is p,.(n), IZ = 2,3,..., while, if it is 1 0, 
removal of the first column shows the count to be 
Hence 
PA, 0) + Pr-I(29 0) + --- + PP-1tn - 1, 0). 
or 
Pl.(% 1) = P&h 0) + Pr-l(L 0) + .-* + PT-l(n - LO) (2.3) 
I-42, 1) = P,G 0) + PT-l(L 0) = (, z 1) + (, y 2) 
(2.3a) 
PA% 1) = Ph, 0) + &lb - 190) + P,rb - 1, 1) - P&J - 1, 01, 
Hence 
n = 3, 4,.... 
Plh 1) = 1, pz(n, 1) = 2n - 1, An, 1) = 2 (, r J, 
and 
pn1t.d = 2(1 + z)” - (1 + z). (2.5) 
For general m (at least l), a similar procedure shows that 
~r(~,m)=p,(n,m-~)+p,-,(m,m-~l)+p,-,(m+l,m-l)+~~~ 
+ p,-An - 1, m - 1); Q-6) 
hence 
btm + 1, m> = pr(m + 1, m - 1) + pr&b m - l), 
P&, 4 = P&n, m - 1) + p,-dn - 1, m - 1) + pr(n - 1, m) 
- p,tn - 1, m - l), n = m + 2, m + 3,... . 
(2.6a) 
It follows at once from (2.6) that 
Pm(Z) = Pn.m-lt4 + .4f-hm-,(z) + Pm+l,m-lt4 + .‘. + Pn-~.m-dz)l 
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or 
Pm+1&> = Pm+wn-I(Z) + ZPWWL-I(Z), 
PnmW = Pn,n&) + Pn-l,&) + (z - *)Pn-I,m-I(z~, 
n = m + 2, m + 3,... . (2.7a) 
From its definition it is clear that pl(n, m) = 1 (n > m >, 0). Hence by 
(2.6) 
pz(n, m) = pz(n, m - 1) + n - m 
= p,(n, m - 2) + n - m + (n - m + 1) 
- ~~(40) + nm - irnz+ ‘) - 
= n(m + 1) - (” z ‘) = (; ) ~+I,I - (” ‘; ‘) h0 , 
sincep,(n, 0) = pz(n) = n. Similarly 
h(n, 4 = p& m - 1) + 7 [M - (‘;“)I 
j=m 
= An, m - 1) + (“2) m - n ( y ) 
= P,@, 0) + (Fj(” T ‘) - n (” f  ‘) 
= (i)[(” LJ ‘) + 11 - (” If ‘) n = (“2) ~m+l,z - (” 1; ‘) h. 
Assuming that 
p&, m) = (, ” *) ~~+~,~--l - (” 7 ‘) ~,,T-z~ 
it follows from (2.6) that 
~~+dn, m) = pr+dn, m - 1) + 7 [(, i I) fm,T-l - (5) h4] 
3=?n 
= Pr+h, m - 1) + [( :) - ( 7 )] sm.,-1 - ( ~)(sn,r-l - %+I) 
= pr+h, m - 1) + ( :) h,,-~ - ( 7) &W-I 
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and by iteration, remembering that pr+&, 0) = (:), 
which proves (1.4). Note that (1.4) holds for r = 1 if, as is natural, 
s,,-, = 0. 
The total number of arrays for given n, m without regard to extent is, 
in the notation of [l], - 
n+1 
An, m> = C P&, m> 
T=l 
Hence 
P&m) = Y [(, " 1) hL+1.r-I 
r=l 
but 
= S(n, m) - T(n, m); 
PnmU). 
(” ; ‘) sn.T--2] 
n+m+l 
= .<;<, i2j + m + 1)’ . . 
the last step by the Vandermonde convolution, and 
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p(n, m) = g(n, m - 1) - g(m - 1, n), cw 
which bears a close resemblance to (1.14) of [l], though the numbers on 
the right are detined differently. To prove &n, m) = q(n, m) (the numbers 
appearing in (1.14) of [l J), form the generating function 
‘y&x) = f ij(n, m) xn. 
9L=O 
%dx) = nzo x” jF; ( 
n-l-m+2 
m + 2j ) 
n+m+2 
= i nzj (2j + m + 2) x” 
= go x2i(l _ -4-+j-3 = (1 - 2x)-l (1 - x)-“-l 
= 744 = 2 4@, m> xn, 
n-0 
the last line by (5.8) of [I]. 
3. THE POLYNOMIALS pn ,&) 
AS in [l], the diagonal entries in the table of p,,(z) are of primary 
interest in finding generating functions. First the recurrence (see (2.7)) 
PrLn-l(Z) = ZPn-I.,-,@) + Pn.Ta-2(Z) 
may be developed to give, at the next step 
Pn.n&) = (2 + z’) Pn-2.n-3(Z) + 2ZP,-,,n-a(z) + Pn,?&). 
The general form is 
Pn,n&) = i Gd4 Pn-s.n-144, 
.%O 
(3.1) 
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where by (2.7) 
a&> = a,-l*,(Z) + 4%1.&) + *** + ~r-,,,W> r>,S>,O 
= Qr-l.&) + 4,,-,(z) + (z - 1) UT-1*,-l(Z). (3.2) 
From (3.2) and uqO(z) = 1 it follows at once that 
%W = rz, 
G,(Z) = (r - 1) z + ( ;) z2, 
&3(Z) = (Y - 2) 2 + r(r - 2) z2 + ( 5) 23. 
If the polynomials alaP = a&) appearing in [3] are redesignated u&((v), 
comparison of these instances suggests that u,,(z) = us+&), which is 
verified by comparison of the recurrences and boundary conditions of 
the respective polynomials. Hence by (2.3) and (2.4) of [3], 
(3.3) 
=i (jIl)(S)S-l(r+l-s)zi, t->s>o. 
3% 
Of course a,, = 1, r = 0, l,... . 
Write 
Then by (3.2) 
or 
= yu,( y, 2) + (1 - y + YZ> %l(Y, z> - %(Z> Yr+l 
(3.4) 
(1 - Y> %(Y, 4 = (1 - Y + Y-4 %l(Y, 4 - 4m Yr+l. (3.5) 
Hence 
(1 - Y) 4% Y, 4 = 1 + 41 - Y + Y4 4% Y, z) - Y&Y, 4 
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if 
or 
which is (1.6) 
On the other hand, 
m 
q-)(x, z) = c Xru,o(Z) = (1 - x)-l, 
r=0 
cQ(x, z) = f x’url(z) = xz(1 + 2x + 3x2 + a.*) = xz(1 - x)-2, 
and, using (2.2), 
r=s 
= xa,(x, z) + (1 - x + xz) c+(x, z) 
X)F3, 
a,-1, S-l(Z) x5-l 
(1 - x) OL,(X, z) = (1 - x + xz) LY,+&, z) - a,-,,,-,(z) x$-l. (3.6) 
The instances s = 0, 1,2 written out above suggest that (1 - x) OI,,(X, z) = 
1 and 
S-l 
(1 - x) a,(x, z) = (xz)" c (1 - x)-s+j a,-,,Jz-1) 
j=O 
(3.7) 
= (xz)” (1 - x)-” a,-,(1 - x, z-l), s = 1, 2,... 
and indeed (3.7) may be proved by(3.6) and mathematical induction. Hence 
(1 - x) 4x, y, z) = 1 + f YY1 - x) 4x, z) 
S=l 
= 1 + c (xyz)” (1 - x)-” a,-,(1 - x, z-1) (3.8) 
a=1 
= 1 + (xyz)(l - x)-l u(xyz(l - x)-l, 1 - x, z-1). 
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As already noted a(x, Y, 1) = a(x, y), the generating function for two 
element lattice permutation numbers; and for z = 1, (3.8) becomes (3.13) 
of [2]. 
To prove the ancillary relation to (1.6), namely, 
2yA(y, z) = 1 + y(1 - z) - [l - 2Y(l + 2) + Y2(1 - z)2]1/2, 
proceed indirectly as follows. First 
2wchn) = 2 (k : 1)( ;) 
= (k: Jr T ‘1 - ik ” 111 + r l ‘1 - Km 
Hence, if for brevity A,(z) = unn(z), 
2n4dz) = 4n+dz) - (1 + 4 4nw, 
where 
ql2(4 = c ( ;)2 9 = (1 - z>” P,[(l + z)(l - z)-11, 
(3.9) 
with P,(z) the Legendre polynomial. Then 
4(YT z> = %10 4&) Y” = P(Y -I_ YZV (1 + ZKl - 4-l) 
= [l - 2Y(l + z) + Y2(1 - z)2]1/2 
and using the suffix notation for partial derivatives 
[1 - 2Y(l + 4 + YV - m 4?4(Y, 4 = tu + z) - Y(l - Z>“l4(Y, 4 
or 
w,(z) - (2fi - 110 + z> qn&) + (n - I)(1 - zj2 qn-2(z) = 0. 
Thus (3.9) may be rewritten 
2ad4 = 4n+1(4 - (1 + 4 4nw 
- te + 1) 4n+1(4 - @f + 1x1 + z> 4nc4 + 41 - 2)” 4n-1(z)l 
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or 
%L(.d = -s&+1(4 + a1 + -4 4nw - (1 - 4” %1(Z), n = 1, 2,... 
(3.10) 
while 
Hence 
2&c@ = --41(z) + 20 + 4 q&z) + 1 - z. 
&4(Y, 4 = -MY, 4 - &N 
+ PA1 + 4 - Y2U - z)“l dY, 4 + (1 - 21-Y 
= 1 + (1 - 2) y - [l - Ml + 4 + Y2(1 - 4”14(Y, 4 
= 1 + (1 - z)y - [1 - 2y(l + z) + y2(1 - z)2]1’2, 
as stated immediately after (1.6). 
Now return to (3.1), which if P = n - 1 reads 
Pn.n-l(Z) = F. %-1&)Pn-s.lM 
(3. la) 
= :; a,.&z)(l + z)“-“, n = 1,2 ,,.. 
in itself an interesting representation of the polynomialsp,,,~,(z). Writing, 
asrin theyancillary equation for (1.7), 
P*(Y, d = : Pn,n-l(Z)yn (3.11) 
lz-1 
p*(y, z) = ntl y” ;g a,-l&)U + zY+* 
= 
z1 Y”(l + 4” G-1 (+ > z) 
= y(l + 4 4Y + YZ, (1 + .4-l, 4. 
BY (1.6) 
z(1 - 2r - 2yz) a(y + yz, (1 + zy, z) = 1 + z - &Y, 4. 
Hence 
dl - 2v - 2yz)p*(Y, z) = y(1 + 4” - YU + 4 &Y, 4, (3.13) 
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which is the result already noticed in Section 1. The corresponding recur- 
rence for the polynomials is 
ZP n,n&> - 2ZPn-,.,-z(z) 
with a,, the Kronecker delta. 
P&) = 1 + 
Pm(Z) = 1 + 
P32W = 1 + 
P43W = 1 + 
= (1 + 4” Ll - (1 + 4 %-l,la-l(Z) (3.14) 
The first few values are 
32 + 222, 
62 + 9z2 + 4z3, 
1Oz + 26z2 + 25z3 + 8z4. 
4. THE POLYNOMIALS p&z) 
For further information on the polynomials p,&z), consider the 
generating function (1.3) written as 
Pk Y, 4 = f y ~nYmP?L?n@> = f xnP,(Y, 4 
n=1m=O TL=l 
(4.1) 
with of course 
n-1 
PAY, 4 = c YrnP?&). 
W&=0 
Using (2.7a) and 
Pw-I@> = Pn,n-2(Z) + ZPn-l.Tz-2(Z) 
it is found that 
(1 - Y> Pn(Y, 4 = (1 - Y + Y4 Pn-ICY, 4 + 41 + zy 
+ Y”-lPn-l,n-z(d - YBPrLn-1(4, n = 2, 3,... (4.2) 
while 
Hence 
(1 - Y> PAY, 4 = 1 + z - YP,oW. 
(1-YY)P~~,Y,z)=x(l+z)+x(l-Y+Yz)P(~,Y,~) 
+ x22(1 + z)(l - x - xz)-’ + (x - 1) p*(xy, z) 
58241o/3-7 
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or 
[( 1 - x)(1 - y) - xyz] p(x, y, z) = x(1 - x)(1 + z)(l - x - xz)-’ 
- (1 - x>P*(xY, 4. (1.7) 
By (3.13) and (1.6) 
z(1 - 2xy - 2xyz)p*(xy, 2) = xy(l + 2)” - (1 + z) xyA(xy, z) 
= xy(l + 2)” - x(1 + z)[l - (1 - x - y + xy - xyz) a(x, y, z)] 
= x(1 + z)( 1 - x - y + xy - xyz) a(x, y, z) - x(1 + z)( 1 - y - yz). 
Combining this with (1.7) leads to 
z(1 - x - xz)(l - 2xy - 2xyz)( 1 - x - y + xy - xyz) p(x, y, 2) 
= x(1 - x)(1 + z)[z(l - 2xy - 2xyz) + (1 - x - xz)(l - y - yz)] 
- x( 1 - x)( 1 f z)( 1 - x - xz)( 1 - x - y f xy - xyz) a(x, y, z). 
(4.3) 
Since 
z( 1 - 2xy - 2xyz) + (1 - x - xy)( 1 - y - yz) 
= (1 + z)(l - x - y + xy - xyz), 
the factor 1 - x - y + xy - xyz may be canceled from (4.3), which gives 
z( 1 - x - xz)( 1 - 2xy - 2xyz) p(x, y, z) 
= x(1 - x)(1 + z)[l + 2 - (1 - x - xz) a(x, y, z)]. (1.5) 
Note that, for z = 1, if p(x, y, 1) = p(x, y), a(x, y, 1) = a(x, y), (1.5) 
becomes 
(1 - 2x)(1 - 4xy) p(x, y) = 2x(1 - x)(2 - (1 - 2x) a(x, y)), 
which is (1.12) of [l]. 
The recurrence corresponding to (1.5) is 
zpm&)-z(l + Z)Pn-l,&) - 241 +z)Pn-l.m-l(z) + 241 +42Pn-2,n-l(4 
= (1 + mL1 - %2l &no - (1 + 4 G-l.&) 
+ (1 + z)Q + 4 ha-2.mw - (1 + z)2%3.m (4.4) 
with a,,, the Kronecker delta. Thus 
.%0(z) - 4 + ZIP,-LO = (1 + d2@n1 - ha,) - (1 + 4 %-1,0(z) 
+ (1 + .a2 + z>%,,,(z) - (1 + z)2e&-3.0(4, 
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so that, since a,,(z) = 1, it = 0, l,... 
zp10 = (1 + z)” - (1 + z) = z(l + z), 
zp20 = z(1 + z> PI0 - (1 + z)” - (1 + 2) 
+ (1 + w + z> 
= $1 + z)2, 
ZPno - 41 + Z)Pn-LO = 41 + z) + (1 + 4(2 + 4 - (1 + 4” = 0, 
n = 3, 4,... 
Hence pn,, = (1 + z)~, as already noted, a verification (of the instance 
nl = 0 of (4.4)). 
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